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Abstract. We identify the cotangent bundle Lie algebroid of a Poisson homoge- 
neous space G/H of a Poisson Lie group G as a quotient of a transformation Lie 
algebroid over G. As applications, we describe the modular vector fields of G/H, 
and we identify the Poisson cohomology of G/H with coefficients in powers of 
its canonical line bundle with relative Lie algebra cohomology of the Drinfeld Lie 
algebra associated to G/H. We also construct a Poisson groupoid over (G/H,n) 
which is symplectic near the identity section. This note serves as preparation for 
forthcoming papers, in which we will compute explicitly the Poisson cohomology 
and study their symplectic groupoids for certain examples of Poisson homogeneous 
spaces related to semi-simple Lie groups. 



1. Introduction 

The cotangent bundle of a Poisson manifold (P, tt) is naturally a Lie algebroid |21| 
called the cotangent bundle Lie algebroid of (P,tt) and denoted by T*(P,tt). Let 
Kp = /\ to PT*p k e the canonical line bundle over P. Then the Lie algebroid T*(P, w) 
has a natural representation on Kp. The Poisson cohomology of (P,tt) as defined in 
|13j , the Poisson homology of (P, tt) as defined in [3 J , and the twisted Poisson coho- 
mology of (P, 7i") as defined in [7J, can be regarded as the Lie algebroid cohomology 
of T*(P, tt) with coefficients in, respectively, the trivial line bundle, Kp and Kp (see 
[7J [2TJ ES] ) • In general, one can consider the Lie algebroid cohomology of T* (P, tt) 
with coefficients in Kp for any integer N, which we will denote by H'(P, tt; Kp) and 
refer to as generalized Poisson cohomology of (P, tt) . A symplectic groupoid of (P, tt) 
is a Lie groupoid over P with Lie algebroid T* (P, tt) and a compatible symplectic 
structure [23] . 

This note concerns the cotangent bundle Lie algebroids of Poisson homogeneous 
spaces of a Poisson Lie group (G,tt g ). More precisely, by a theorem of Drinfeld [6], 
each Poisson homogeneous space (G/H, tt) of (G, tt g ) corresponds to a Lie subalgebra 
[ of the double Lie algebra t> of (G,tt g ). In this note, we identify the cotangent 
bundle Lie algebroid of (G/H, tt) with a quotient of the transformation Lie algebroid 
G >t\l over G associated to an infinitesimal action A of [ on G. We also identify the 
representation of T*(G/H,tt) on K G / H with a quotient representation of G xa t (see 
3231 for the detail). 

We give two applications. First, for any integer N, we identify the generalized 

Poisson cohomology H* (g/H, tt; Kq/h\ with Lie algebra cohomology of I relative 

to H with coefficients in C°°(G)m, the space of smooth functions on G together with 
an (I, PT)-module structure that depends on N (see Corollary 14. 121 for detail). We also 

discuss the canonical pairing between H u (g/H, tt; K^ /H ^j and H* (g/H, tt; K%]*f\ 

as a pairing on relative Lie algebra cohomology of [, and we compute the modular 

l 
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vector fields of (G/H,ir). The identifications of the Poisson cohomology and homol- 
ogy (i.e., when N = and N = 1) with relative Lie algebra cohomology of [ have 
been established in [15] and pj5] but by different methods. 

As a second application, we construct a Poisson groupoid T over (G/H,ir) that is 
symplectic near the identity section, and we give conditions and examples when it is 
symplectic. The groupoid structure on T is a quotient of a transformation groupoid 
over G (see Mackenzie's book |18] for a general treatment of quotients of groupoids), 
while the Poisson structure on T is obtained by reduction of a quasi- Poisson manifold 
by an action of a quasi- Poisson Lie group, a theory developed by Alekseev and 
Kosmann-Schwarzbach in pQ. In the special case when (G, ir G ) is complete and when 
H is a Poisson Lie subgroup of (G, ir G ) with ir being the projection of ir G to G/H, a 
symplectic groupoid of (G/H,ir) was constructed by P. Xu in [25] . 

There are many examples of Poisson homogeneous spaces associated to semi-simple 
Lie groups, and they are in general not of the type G/H with H being a Poisson 
Lie subgroup. See [HUHICES] for studies of certain varieties which can serve as moduli 
spaces of Poisson homogeneous spaces. In forthcoming papers, we will use results 
from this note to compute explicitly the Poisson cohomology and study their sym- 
plectic groupoids for certain examples of Poisson homogeneous spaces treated in 
[8j [91 [16] . Such examples included flag varieties of complex semi-simple groups [8j 
and semi-simple Riemannian symmetric spaces [10] (see Example I5.14p . 

1.1. Notation. For a smooth manifold P, the tangent and cotangent bundles of P 
are denoted by TP and T*P respectively. For an integer < k < dimP, V k (P) 
and Q k (P) will denote respectively the spaces of smooth fc-vector fields and smooth 
A;-forms on P, and 

V(P) = (Bt™ P V k {P) and fi(P) = ®f™ P fl k {P) . 

If P and Q are smooth manifolds and F : P — > Q is a smooth map, P* will denote 
the induced map TP — > TQ. 

For a vector bundle A over P, T(A) will denote the space of smooth sections of 
A. If V is an n-dimensional vector space, A top V always denotes A n V. Let V* be the 
dual space of V. For x G A k V and £ G A J V* with < j, l x £ G A j-A V* is defined by 
( L x£,,y) = K,iA y) for all y G A- ? ~ fc y. Unless otherwise specified, all vector spaces 
are real. 

For a Lie group G and g G G, l g and r g denote respectively the left and right 
translation on G by g. The identity element of a group is always denoted by e. 

1.2. Acknowledgement. We thank K. Mackenzie for references on quotients of Lie 
algebroids and groupoids and Bing-Kwan So for helpful discussions. Research for 
this paper was partially supported by HKRGC grants 701603, 703304, and the HKU 
Seed Funding for basic research. 

2. Some basic facts on Lie algebroids 

We refer to [17} [18] for details on the facts reviewed in this section. 

2.1. Lie algebroids and Lie algebroid cohomology. Recall that a Lie algebroid 
over a manifold P is a vector bundle A over P together with a vector bundle homo- 
morphism pa '■ A — > TP and a Lie bracket [ , ] on T(A) such that 

1) [/ai,a 2 ] = f[ai,a 2 ]- p A (a 2 )(f)ai for all / G C°°(P) and ai,a 2 G F(A); 
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2) pa [01,02] = [pA{ai),PA(a 2 )] for all ai,a 2 G 
Let A be a Lie algebroid over P. A representation of A on a vector bundle E over 
P is an M-bilinear map D : r(^4) x T(E) — > T(E) : (a,s) 1— > -D a s, such that for any 
0,6 G r(A), s G r(E), and / G C°°(P), 

1) D fa s = fD a s; 

2) D a (fs) = fD a s + (p(a)f)s; 

3) D a (D b s) - D b (D a s) = D M s. 

The trivial representation of j4 is the one on the trivial line bundle E = Pxl given 
by D a f = p{a){f) for a G T{A) and / G T{E) ^ C°°(P). One has the natural notion 
of tensor products and duals of representations of A. In particular, a representation 
D of A on a line bundle L gives rise to a representation of A on the iV-th power L N of 
L for any integer N > 0. For a negative integer TV, we use the natural identification 
between L N &nd(L~ N )* and thus have a representation of A on L N as well. 
For a representation D of ^4 on E, and for A; > 0, define 

d A , E : T{Rom(A k A,E)) — ► T(Rom(A k+1 A, E)) 

k+l 

(dA,E<P)(ai,a 2 ,- ■ ■ ,a k+1 ) = y^(-l) j+1 D aj <?!)(ai, ■ • • ,afc+i) 

+ ^(-l)* +i (/>([aj,aj], • • • ,0^, • • • a,j, ■ ■ ■ ,a k +i) 

i<j 

for 01, . . . , a/c + i G r(A). Then d A E = 0. The cohomology of the cochain complex 

(r(Hom(AA,£0), d A>E ), 

which will be denoted by H' lc (A; E), is called the Lie algebroid cohomology of A with 
coefficients in E. When E is the trivial representation, we set H'(A;E) = H?-(A). 

2.2. Relative Lie algebra cohomology. Our reference for this section is [2] . A 
Lie algebra [ can be regarded as a Lie algebroid over a one point space, so for every 
[-module V, we have the coboundary operators 

diy : Hom(A fe [, V) — ► Hom(A fc+1 (, V), k > 0. 

Let h C I be a Lie subalgebra, H a Lie group with Lie algebra h, and H — > Aut(Q : 
h 1— > Adh a group homomorphism integrating the adjoint action of f) on [. 

Definition 2.1. An (I, H) -module is a topological vector space V which is both an 
[-module and an i?-module such that 

1) for every v (zV, the map H — > V : h 1— ► hv is smooth, and that the restriction 
to f) of the action of [ on V coincides with the one induced from the if-action; 

2) for every v G V,x G I, and h G H, /i(x(/i _1 (i;))) = (Adhx)(v). 

Let V be an ([, i?)-module. For k > 0, let 
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where the superscript H denotes the subspace of //-invariants. Identify (l/f})* — 
{£ e [* | = 0} C r and regard C^. y as in A fc [* ® V = Hom(A fc [, V). Then 

©Cjff.v C$Hom(A t l,y) 

fc>0 fc>0 

is invariant under c/^y. The cohomology of the cochain complex (C' H . V , diy), which 
will be denoted by Hf-il, H; V), is called the Lie algebra cohomology of [ relative to 
H with coefficients in V. 

Suppose that U and V are two (I, H )-modules. Then U <S> V is naturally an ([, H)- 
module. For any < j,k < n = dim([/f)), define 

C( H ;U X C l,H;V > C t^,U®V ■ ( c l> C 2) 1 > c l ® c 2 := A V> ® « ® V , 

where ci = (f> ® u,c 2 = ip ® v with <^ G A j (l/t))*, V S A fc (l/rj)*, u £ U, and w G V. It 
is easy to check that 

(2.1) d^uvvici ® C2) = d^(ci) (8) c 2 + (-l) J ci ® d[,y(c 2 ) 

if Ci G Cjfj.jj. Assume that v G {c™ H . j^y^ is such that 

(2-2) ^(^^(C^^y)) =0. 

For < A; < n, define the pairing ( , ) v between C\ H . u and C™Jj k v by 

(ci, 02)^ = i/(ci (g> c 2 ). 

It follows from ([2~T]) that 

(d[,C/(ci), c 2 )„ + (-l)* -1 (ci. di,y(c 2 )) v = 
for all ci G C^ 1 ^ and C2 G C™Jj k y. Thus ( , )^ induces a well-defined pairing, still 
denoted by ( , )„, between fl£ ie (l, H\ U) and ff£r fe ([, ff; V) for every < k < n. 

2.3. Quotients of transformation Lie algebroids. Let again [ be a Lie algebra, 
fj C I a Lie subalgebra, if a Lie group with Lie algebra rj, and H — > Aut([) : /i — > Ad^ 
a group homomorphism integrating the adjoint action of f) on L 

Definition 2.2. An (I, H)-space is a smooth manifold M together with a Lie algebra 
homomorphism A : [ — ► V (M) and a right action of H on M such that 

1) the restriction of A on rj coincides with the infinitesimal action of f) on M 
induced by the right ff-action, and 

2) for all m G M,x G I and h £ H, X x (mh) = h^\^ hX {m), where /i* is the 
differential of the map h : M — > M : mi 1— > 7714/1 for mi G M. 

We will sometimes denote an ([, iJ)-space by the pair (M, A) without explicitly 
mentioning the action of H on M. 

Let (M, A) be an ([, if)-space. Using the action A of [ on M, one can form the 
transformation Lie algebroid M y\\ \ over M, which is the trivial vector bundle M x [ 
over M with the anchor map 

M x I — ► TM : (m, x) 1 — > A^m), m G M, x G [, 

and the Lie bracket [, ] M><A [ on F(M x [) = C°°(M, [) determined by 

[xi,x 2 ]mx a [ = [zi,^], 
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where for x 6 I, x is the constant function on M with value x. 

Assume in addition that the //-action on M is free and proper so that the quotient 
M/H is a smooth manifold. Consider the associated vector bundle A = M x h (t/f)) 
over M/H, where h £ H acts on l/f) by Ad^. Points in A will be denoted by [m, x+h], 
where m G M and iGl. Note that 

p A : A — » T(M/H) : [m, x + h] .— » g*A a: (m) 

is a well-defined bundle map, where g : M — > M/H is the natural projection, and 

r(A) = C°°(M,[/f)) ff 

= {a G C°°(M, [/[)) | a{mh) = Ad A -io(m), Vm eM,he H}. 

Let 

T(M x A [) H = {a G C°°(M, [) | a(m/t) = Ad A -i o(m), Vm G M, h G if}. 

For 01,02 G r(A), let 5i,52 G T(M [) be such that p(ai) = a\ and p(a2) = a2, 
where p : M >\\ [ — > ^4 : (m,x) i— » [m, x + h] is the natural vector bundle projection. 
Define [ai,a 2 ] G r(^4) by 

(2.3) [ai,a 2 ] =p([Si,a 2 ]Mx A [)- 

The proof of the following lemma is omitted since it is straightforward. 

Lemma 2.3. Formula ()2.3p is a well-defined Lie bracket on T(A). With the Lie 
bracket in (|2.3p on T(A) and pa as the anchor map, A is a Lie algebroid over M/H . 
Moreover, the bundle map p: My\\\^Aisa Lie algebroid morphism. 

Definition 2.4. The Lie algebroid A in Lemma 12.31 is called the H -quotient of the 
transformation Lie algebroid M x A I and will be denoted by M XxH 

Example 2.5. If G is a Lie group and H C G a closed subgroup, the tangent bundle 
Lie algebroid T(G/H) is a quotient by -ff of the tangent bundle Lie algebroid TG. A 
more general discussion on quotients of Lie algebroid can be found in [181 Chap. 4]. 

We now turn to a special class of representations of M Xa,h (t/fj) that arise from 
representations of M X\ I. 

Definition 2.6. An (I, H)-vector bundle is an iZ-equivariant vector bundle E over 
an ([, if )-space (M, A) together with a representation of [ on T(E) such that 

1) x ■ (fs) = X x (f)s + f{x ■ s) for all x G [, / G C°°(M), and s G r(£); 

2) the [-action and the Jf-action on T{E) induced from the if-action on E make 
T(E) into an (I, ff)-module (see Definition 12. ip . 

Let E be an ([, H )-vector bundle over M such that the H -action on M is free and 
proper. One then has the representation D of M xi a I on E given by 

(D b s)(m) = (6(m) • a)(m), 5 G T(M x A = C°°(M, 0, m G M, s G T(£). 

Let £/if be the quotient bundle over M/H with T{E/H) = T(E) H , the space of 
if-invariant smooth sections of E. For a G r(j4), let a G T(M x A l) H be such that 
p(a) = a. It is easy to see that Da,s G T(E) is if-invariant for any s G T(E/H) = 
T(E) H , so we can regard -D^s as in T(E/H). Define 

(2.4) D a s = 5 sS , s G r(£/#) ^ r(^) i? . 

The proof of the following Lemma 12.71 is straightforward. 
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Lemma 2.7. Formula (12. 4D is a well-defined representation of the quotient Lie al- 
gebroid M Xa,h (l/fj) on E/H, and we call it the H -quotient of the representation D 
ofMxxlonE. 

Lemma 2.8. The Lie algebroid cohomology of A = M Xa,_h" (l/f)) with coefficient in 
E/H is isomorphic to the Lie algebra cohomology of i relative to H with coefficients 
in T{E), i.e., 

H* ic (A; E/H) - H£ ic (l, H; T(E)), Vk > 0. 

Proof. Let T be the trivial vector bundle over M with fiber [/h. Then for every 
k > 0, the vector bundle Hom(A fe vl, E/H) over M/H is the quotient by H of the 
.£/-equivariant vector bundle Hom(A fc T, E), so 



(2.5) r(Ham(AM, E/H)) - (A*([/b)* 55 r(S) j - C^. r(E) . 

By following the definitions of the Lie algebroid structure on A and the representation 
of A on E/H, it is straightforward to check that the identifications in (|2.5p give an 
isomorphism of cochains 

0r(Hom(A fc A £/#)), d AE/H ) — ► 0C 



fc>0 / \fc>0 



□ 



Remark 2.9. Suppose that -F is an ([, i?)-line bundle over an ([, i7)-space (M, A) 
and that -E is an .ff-equivariant square root of F, i.e., E 2 = F. Then E is naturally 
an ([, i?)-line bundle with the [-action on T(E) uniquely defined as follows: if t 
is a nowhere vanishing local section of E, then x ■ t = for any x E [ (see 

[7] ) . Consequently, one has the quotient representation of the quotient Lie algebroid 
A = M xi x ,h (l/f)) on E/H. 

3. POISSON COHOMOLOGY AND MODULAR VECTOR FIELDS 

3.1. The cotangent bundle Lie algebroid and Poisson cohomology. The 

cotangent bundle Lie algebroid of a Poisson manifold (P,tt), denoted by T*(P,ir), is 
the cotangent bundle T*P of P with the anchor map 

tt: T*P — >TP: tt(o)(P) = ir(a, 0), a^eft^P), 

and the Lie bracket { , },,- on Q}-(P) given by 

(3.1) {a,f3} n = d(7t(a,(3)) + L^ a) d/3 - L^da, a,/3e0 1 (P). 
Let 

K P = A top T*P 

be the canonical line bundle over P. It is shown in [71[26j that there is a representation 
of the Lie algebroid T*(P, it) on Kp given by 

(3.2) D a jjL = L^f a \fj, + (TT,da)fi = {a, — (ir,da)n = a A d(i w fi), /z G Q, top (P), 

where { , }„- is the Schouten bracket on the space £l(P) induced from the bracket in 
dEE]) on Q^P). 

Definition 3.1. The representation of T*(P,tt) on Kp is called the canonical rep- 
resentation of T*(P,tt) on Kp. 
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For any integer N, let Kp be the iV-th power of Kp, equipped with the natural 
extension of the representation of T*(P, tt). When N is negative, we will understand 
K$ as (Kp N )*. 

Definition 3.2. For a Poisson manifold (P, tt) and for any integer N, we define the 
Poisson cohomology of (P, tt) with coefficients Kp to be the Lie algebroid cohomology 
of T*(P, tt) with coefficients in K$, and we denote it by H'(P, tt;K$). When N = 0, 
we simply write H'(P,tt;K$) as H*(P,tt). The totality of H'(P,tt;K$) for all 
integers N is called the generalized Poisson cohomology of (P,tt). 

Remark 3.3. The Poisson cohomology of (P, tt) defined in [13] is H 9 (P,tt). It is 
shown in [7J [26] that the Poisson homology of (P, tt) defined in [3] is isomorphic 
to H'(P,tt; Kp). In [7J, the cohomology H'(P,tt; Kp) is called the twisted Poisson 
cohomology of (P, tt). 

3.2. The canonical pairing on Poisson cohomology. Suppose that P is compact 
and oriented. For < k < n = dim P and an integer N, set 

C PN = r(Hom(A fc T*P, Kg)) T(A k TP®K^). 

The natural identifications of bundles 

A fc TP <g> A n - k TP ^ A n TP, i^Tjy (g) i^ - ^ ^ Kp, A n TP ® Kp ^ K P 

give rise to an identification 

J : (A fe TP (X) Kp^j <g) (V^TP ® K 2 f N \ — > K P 
and thus an M-bilinear pairing 

(ci, pa) := jf J(ci,c 2 ), ci G C£ iJV , c 2 G C^^. 

A proof similar to that of Theorem 5.1 of [7] shows that ( , ) induces a well-defined 
pairing between H k (P,Tr;K^) and H n ~ k (P, tt; Kp~ N ). We will refer to ( , ) the 
canonical pairing on the generalized Poisson cohomology of (P, tt). 

3.3. Modular vector fields. Let (P, tt) be an orientable Poisson manifold, and let 
/i be a volume form of P. The modular vector field of tt with respect to \x (see |23| ) 
is defined to be the vector field 9^ on P such that 

D a fi = (e il ,a) f i, VaG^(P), 

where D a [i G Q, top (P) is given in (|3.2p . For an integer JV, set <i/v = d T , PK N G 
End(C' jJV ). 

Proposition 3.4. Lei N be any integer. For any volume form \i, the action of the 
modular vector field 6^ on C PN = @k>oC PN by Lie derivative commutes with the 
operator djy. When N j^l, the induced action of 9^ on H'(P, tt; K p ) is trivial. 

Proof. Consider the identification 

2: V k {P)^C k PN : V i — > V ® fj, N . 

Since Lq a = 0, Lq^ oI = Io Lg . It is also easy to show (see [7J Lemma 4.4]) that 
the operator 5n '■= I^ 1 ° djy o 2 is given by 

6 N : V k (P) — > V fc+1 (P) : 1/ i— > [tt, V] + Nd^ A V. 
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Since Lg n = 0, it is clear that Lg commutes with 5n- Consider the operator 

b, : V k {P) — V*" 1 ^) : %Vt* = (-l) k d(lvU.). 

It is easy to see that 6^ = and that 0^ = b^ir. Moreover, for V\ G V k (P) and 
V 2 eV(P), 

b^VtAVz) = b^V 1 )AV 2 + (-l) k V 1 Ab fl (V 2 ) + (-l) k [V 1 ,V 2 ] 
b»[VuV 2 ) = [b^V^V^ + i-lf-^VxMVi)] 

It follows that b^N + S^b^ = (1 — N)Lg . Thus 6^ acts trivially on H*(P,tt; Kp) 
when N ^ 1. □ 

4. The cotangent bundle Lie algebroids and generalized Poisson 
cohomology of poisson homogeneous spaces 

4.1. Review on Poisson Lie groups. Recall that [5], I1H H%| , I2U| a Poisson Lie group 
is a Lie group G with a Poisson structure tt g such that the group multiplication map 
(G,tt g ) x (G, ttq) — > (G,tt g ) : (g,h) i— > y/i is Poisson. Let (G,ir G ) be a Poisson Lie 
group. Then 7r G necessarily vanishes at the identity element e of G. Let 5 : g — > A 2 g 
be the linearization of ir G at e. Then the dual map 

5*: AY — 0*: £ A 77^^,77] 

of (5 defines a Lie bracket on g*, and the pair (g, 5) becomes a Lie bialgebra [5|. For 
x G g and £ <E g*, define ad* £ G g* and ad| x G g by 

2/) = (£> [y,x]) and (ad|x, 77) = (x, where 77 G g, 77 G g*. 

Let t) = g © g*. Then the bracket on t) given by 

[z + £, 2/ + ??] = [», 2/] + ad| y - ad* x + [£, 77] + ad* 77 - ad* £, x, y G g, £, 77 G g*, 

is a Lie bracket, and the bilinear form ( , ) on D given by 

(x + £, y + 77} = (x, 77) + (y, £), x, y G g, £, 77 G g*, 

is ad- invariant with respect to [, ]. The pair (0, ( , )) is called the double of the Lie 
bialgebra (g,5). The adjoint action of g on d integrates to an action of G on J), still 
denoted by Ad 9 : d — > d for g G G, which is given by [6] 

(4.1) Ad g (x + £) =: Ad g x + tAdl_^(r g -nr G (g)) + Ad*_if , 

where Ad g : g — > g and Ad*_i : g* — > g* are the adjoint and co- adjoint actions of 
g G G on g and on g* respectively. A subspace [ of D is said to be Lagrangian if 
(x, y) = for all x,y E I and if dim [ = dimg. 

4.2. Drinfeld Lagrangian subalgebras. Let H be a closed subgroup of G. 

Definition 4.1. [6] A (G, 7r G )-homogeneous Poisson structure on G/H is a bivector 
field 7r on G/H such that 1) 7r is Poisson, and 2) the map 

(4.2) a: (G,ir G ) x (G/H,ir) — > (G/H,ir) : (gi, g 2 H) ^ 9l g 2 H 
is Poisson. 
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By definition, the map a in (|4.2h is Poisson if and only if 

(4.3) ir(gH) = {a g )^{eH) + q*ir G (g), Vg G G, 

where q : G — » G/H is the projection, and for g £ G, a g : G/H — > G/.£f is defined by 
gi-ff — > gg\H for gi G G. Thus, tt is uniquely determined by 7r(eH) G A 2 T e #(G/ H), 
and Conditions 1) and 2) on n in Definition 14. 1 1 become the following two conditions 
on 7r(eH) G A 2 T eH (G/H): 

(i) n(eH) = (ah)*^(eH) + q*ir G (h) for all /i G i? (so that 7r given by (|4.3p is 
well-defined); and 

(ii) the bi-vector field 7r on G/.ff determined by %{eH) via (|4.3p is Poisson. 

Let f) be the Lie algebra of H. Simple linear algebra arguments show that there is 
a one to one correspondence between A 2 (g/f}) and the set of Lagrangian subspaces [ 
of c) such that [ (~l g = f). The explicit correspondence is given by 

(4.4) A 2 (g/fj) 3 r ^ [ r := {x + £ | x G 5, £ G g*, f |f, = 0, 6 5 r = x + fj}. 

Identify T eH {G/H) ^ g/{j. Then an element vr(e#) G f\ 2 T eH {G/H) ^ A 2 (g/f)) cor- 
responds to the Lagrangian subspace L e m of c). Drinfeld showed [6] that Conditions 
(i) and (ii) on n(eH) G A 2 T e H(G/H) are respectively equivalent to 

(a) Adhlir(eH) = K(eH) f° r an h £ H, where Ad^ : d — > d is given in (|4.ip . and 

(b) ^(eH) is a Lie subalgebra of t>. 

Definition 4.2. When (G/H,tt) is a Poisson homogeneous space of (G,ir G ), the 
Lie subalgebra l^i e m of is called the Drinfeld Lagrangian subalgebra associated to 
ir(eH). 

Let (G/H,n) be a Poisson homogeneous space of (G, 7r G ). Let g also denote the 
projection g — * g/f). Let A G A 2 g be any element such that 

(4.5) g(A) = 7r(eH) G f\ 2 T eH (G/H) * A 2 (g/f)). 
The following Lemma 14.31 is straightforward to prove 

Lemma 4.3. Conditions (i) and (ii) on ir(eH) are equivalent to 

1) Ad h h - A + (r h -i)*7T G (h) G f) A g for all he H; 

2) [A, A] + 25(A) G fjAflAfl, 

where [ , ] zs i/ie Schouten bracket on Ag and (5 : g — ► A 2 g is i/ie linearization of ir G 
at e as well as its extension 5 : A 2 g — > A 3 g given 6y 

<5(x A y A z) = 5(x) A y A z — x A <5(y) A z + x A y A 5(z), x,y,z G g. 

For A G A 2 g as in (14. 51) . define the bi-vector field 7Ta on G by 

(4.6) vr A = A' + vr G , 

where A' is the left invariant bi-vector field on G with value A at e. Condition 1) on 
A in Lemma 14.31 implies that q*ir\ is a well-defined bi-vector field on G/H. In fact, 

g*7TA = 7T. 

Let A£ = t^A for £ G g*. The Drinfeld Lagrangian subalgebra {^(eH) ls a ^ so given by 

(4.7) l <eH) = {x + A£ + £ I x G f>, £ G g*, £|„ = 0}. 
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Remark 4.4. Although the bi-vector field tt\ on G is not necessarily Poisson, we 
can still define the skew-symmetric bracket { , }^- A on by replacing ir by ir\ in 

(I3.ip , Moreover, the space of left invariant 1-forms on G is invariant under { , }ir A - 
In fact, it is easy to show that 

tfWW = (Ma)', Criel, 
where for £ G g*, ( l is the left invariant 1-form on G with value £ at e, and 

(4.8) Ma = M + adJ^-ad^, £,7? G g*. 

Lemma 4.5. Ze£ fj° = {£ G g* | £|[, = 0}. Then [£,rj] A G fj° for all £,r) G fj°. 

Proof. The condition AdftL e ^ = for all /i G H implies that [x, Urn] C l„.( e #) 

for all x G f), so [x, A£ + £] G ^(ejj-) f° r all x G f) and £ G f)°, from which it follows 
that [£, t?]a G fj° for all £, r? G f)°. See also @]. □ 

Let Xt)°,A £ (f) )* be defined by 

X f) o, A (£)=tr(T e ), £Gl) , 

where T 5 G End(f) ) : 77 i-» [£,r/] A for £, 77 G f}°. Let xi G [*,X £ 0*, and x * G g 
be the adjoint characters of [, g and g* respectively. Let bA = ^J x «>y«] S fl if 
A = x i A We now prove a fact that will be used in the proof of Theorem 14.71 

Lemma 4.6. For every £ G f)°, 

(4-9) XV AO + ( feA ' = 1 (xi(A£ + £) - X (A£) + x * (£)) • 

Proof. For £ E g*, consider the operator E End(g*) : T^(ry) = [£, 77] a, and define 
Xb*,a(£) = tr(T£ E End(g*)). It is easy to see that 

XrAO = XAO - X S (A£) - 2(6A,£), £ E g*. 

For £ E f)°, since 7^([) ) C f) , we have an induced map E End(g*/f)°). Define 
X(£) = tr(T e E End(gVf) )) for £ E J)°. Then 

(4-10) Xf,o, A (£) = X *,a(£) - X(£) = X * (£) - X (A£) - 2(6A, £) - x(£) 

for all £ E fj°. On the other hand, consider the embedding k : f)° > [ by £ 1— > A£ + £, 
and let p (,:[—> () be the projection with respect to the decomposition C = fj — |— «(fj). 
For £ E f)°, let 5^ E End(fj) be the operator S^x) = pf,[A£ + £, x] for x G f). Then 

X^aCO = Xl(A£ + £) - tr(5 € G End(J))), V£ G t) . 

By identifying g*/V = f)*, one can show that -5| = T ? G End(g*/V), and so 
tr(S| G End(h)) = -x(£) for all £ G f)°. Thus 

(4.11) X(,o,a(0=X[(A£ + £)+x(C) ! V£Gf)°- 

Adding KW\\ and (JUTTD , we get □ 
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4.3. The cotangent bundle Lie algebroid of (G/H,tt). Let (G,ir G ) be a Poisson 
Lie group. For i£g and £ G g*, let 2/ (resp. £') be the left invariant vector field 
(resp. 1-form) on G with value x (resp. £) at e. Then [TS] the map 

(4.12) A : d — V^G) : x + £ .— ► A x+€ := x' + tt g (£<) 

is a Lie algebra homomorphism from t) to the space V 1 (G) of vector fields on G. Let 
P@ : 5 ~~ * be the projection along g*. By (|4.ip . we also have 

(4.13) K+d9) = (r 9 )*P s Ad g {x + £), g G G, x G g, £ G g*. 

Let now (G/H,n) be a (G, 7r G )-homogeneous Poisson space, and let I = l n ( e jj) be 
the Drinfeld Lagrangian subalgebra of d as in Definition 14.21 Then G, with the right 
action of H by right translations and the infinitesimal action of [ by A, becomes 
an (I, if)-space in the sense of Definition 12.21 Let G xa I be the corresponding 
transformation Lie algebroid over G. 

Theorem 4.7. The cotangent bundle Lie algebroid of(G/H,ir) is isomorphic to the 
H -quotient A = G X\h (I/fj) of the transformation Lie algebroid G 

Proof. Let A G A 2 g be any element with q(A) = ir(eH) G A 2 T eH (G/H) A 2 (g/f)). 
Recall that f)° = {£ G g* | £|j, = 0}. The projection [ — > g* : x + £ — > £ gives an 
-ff-equi variant isomorphism [/fj — > f)° whose inverse is () — > I/f) : £ 1-^ £ + A£ + f). 

Using left translations by elements in G and the identification T* H (G/H) = t)°, 
we have the vector bundle isomorphism 

(4.14) / : T*(G/H) — > G Xh f)° = G x# ([/&). 

It remains to show that / is a Lie algebroid isomorphism. Recall that ir = q*ir\, 
where tt\ is the bi- vector field on G given by 7Ta = A' + tt g . 

Let n = dimf) , and let £1, £2, . . . , £ n be a basis of t)°. For a G J! (G/H), write 

n 

(4.15) <fa = £/a,4 G ^(G), where / aJ G G°°(G), j = 1,... ,n. 

3=1 

Then /(a) = Z]=if«Aj 6 C°°(G,f) ) H - r(A), and 6 a = E"=i /«,i(A£i + £,) G 
G°°(G, = T(G x^ t) is an .ff-invariant lifting of /(a). Using g*7TA = tt, one has 



7f(a) = q*n A (q*a) = q* [ £ /^ A (£j) = 9* E /".iCW + 

,i=l / \i=l 

= 9* (X^/aj*A&+&l =PA(I(a)). 

Thus / maps the anchor map of T*(G/H) to the anchor map pa of A. 

It remains to show that L{a,(3} w = [1(a), I (P)] for any a, {3 G SI 1 (G/H). Let 
{, }7,- A be the skew-symmetric bracket on ^(G) defined by replacing it by 7ta in 
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()3.ip . Using again the fact that ir = q*ir\, we have 

q*{a,(3}„ = {q*a,q*P} 7rA =J2{fa, j ^fpA} 



3,k 



E (/«^A(3)(//9,*)&) " E (//3,^A(d)(/^)^ 



Thus, by Remark 



I{a, (3} n - E (/"./ A Ai, •£, (f(3,k)Ck) ~ E (//3,fc A A?fc+?fc Ua,j)Zj) 
j,k j,k 



j-k 



where the bracket [, ]a on g* is defined in (|4.8p . On the other hand, using 

n n 

= E ^j( A £j + aIld & /3 = E fvA A £k + 

i=l fe=l 

as //-invariant liftings of 1(a) and I(f3) to smooth sections of G x ^ [, one can compute 
[1(a), /(/?)] € r(A) and see that /{«,/?} = [1(a), 1(0)]. This completes the proof 
that / is a Lie algebroid isomorphism. □ 

4.4. The canonical representation of T*(G/H,tt) on K G j H . Let (G/H,ir) be a 
Poisson homogeneous space of (G, ir G ). Let 

E = Gx A top f)° 

be the trivial //-equivariant line bundle over G, where 

(g, Y)-h = (gh, Ad* h Y), g£G,Ye A top l) . 

Then the identification / : T*(G/H) — > G X# f) by left translation induces an 
identification / : Kq/h — > E/H. In this section, we show that E is naturally an 
(I, //)-line bundle and that the canonical representation of T*(G/H) on Kqjh = 
E/H can be identified with the //-quotient of the representation of G y\\ I on E, 
where [ is the Drinfeld Lagrangian subalgebra of t) associated to n(eH), and A is the 
infinitesimal action of [ on G given in (|4.12j) (see Definition 13.11 and Lemma I2.7P . 

Let A top [ be the 1-dimensional (I, //)-module, on which [ acts by the adjoint char- 
acter xi and h G H acts by Adh € Aut([). The trivial line bundle over G with fiber 
A top [, still denoted by A top l, is then an ([,//)-line bundle. Regard A top T*G as an 
(I, H)-line bundle, on which H acts by right translation and I acts by Lie derivatives 
via A. Set 

F = A top (® A top T*G. 

Then F is an ([, //)-line bundle. Clearly, left translation in G gives rise to an H- 
equivariant trivialization 

F^Gx (A top [® A to V), 
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where h £ H acts on G x (A top ( ® A top g*) by 

(g,X®fji)-h = (gh, (Ad h -iX) ® (Ad»), X G A top [, fi G A top *. 

Lemma 4.8. A top (<g> A top g* = (A top f) ) 2 as H-modules, so E 2 = F as H-equivariant 
line bundles over G. 

Proof. For V G {(),[, f)°, g*}, let Xh,v be the character of the //-action on A top V 
induced from the adjoint and co-adjoint actions. It is easy to see that 

Xha = Xh A Xh A ° and = Xh\x ha °- 

Thus XhaXh, b * = X 2 HA o- □ 

Since F is an (7,//)-line bundle, so is E as a square root of F by Remark 12.91 
In the next Lemma 14.91 we determine the /-module structure on T(E). Recall that 
Xi £ [*>Xg £ 5* an d Xg* are the adjoint characters of [, g, and g* respectively. 

Lemma 4.9. Fix Y G A top f)°, Y / 0, and write elements in T(E) = C°°(G, A top f)°) 
as fYo for f G C°°{G). Then the l-module structure on T(E) is given by 

(x + o- (fYo) = ( W/) + \ (xi(x + 0- x s (x) + xAZ) - 2(tt g , de*) /) y 

/or any £ + £ G I and / G C°°(G). 

Proof Fix non-zero elements Xo G A top Z and /uo G A top g*, and let ^ be the left 
invariant volume form on G with Mo( e ) = Hq. Then Xq ® fi is a nowhere vanishing 
section of -F. For x + £ G [, one has 

(x + • (X ® a4) = + O^o ® Mo + *o ® ^A^Mo 

= (xifc + - x fl (aO)-Xb ® Mo + ® L * G (?)l4- 

By (J33D, 

£* G (^)Mo = MoU " 2(7T G) ^)Mo = (Xjr(0 - 2(vr G ,de / ))Mo, 
from which the formula in Lemma 14.91 follows. □ 

By §12.31 the (I, H)-line bundle structure on E gives rise to a representation of the 
transformation Lie algebroid G x \ I on E and a representation of the //-quotient Lie 
algebroid A = G X x ,h (I/f)) on #///. 

Theorem 4.10. {/nder the identification I : T*(G/H,n) = A = G *\ X ,H (l/f}) o/ 
Zie algebroids and the identification I : Kqi h = E/H of line bundles, the canonical 
representation of T* {G / H , tt) on Kq/ h becomes the H-quotient representation of A 
on E/H. 

Proof. Denote by D both the canonical representation of T*(G/H,tt) on Kq/h and 
the quotient representation of A on E/H. We need to show that 

(4.16) D I{a) I(n) = I(D a n), V a G Q}(G/H), h G fl top {G/H). 

Let y = 6 A • • • A£ n G A top f)°, where n is a basis for t)®, and write 

n 

q*a = fajtj G fi^G) and g> = <^ A • • G Sl n (G), 

3=1 
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where f a ,j G C°°(G) for j = 1, . . . , re, and G C°°(G). Then 

n 

1(a) = £ fajtj G C°°(G, f) V and /(//) = </>Y £ L(£) H 
3+1 

Moreover 6 a := £)? =1 fa,j(Mj+£,j) G T(G x A Q H is an i?-invariant lifting of /(a) to 
a section of G xi^ L Let be the representation of G x A [ on £\ By Lemma 14.91 

n 

(4.17) A,^ = J2f ad ^X M . H .^)-(7r ,^)Yo 

3=1 
1 " 

+ 2 E /«J + & - XoiMj) + X 8 *(£i)) <PY . 

3=1 

On the other hand, let Yq be the left invariant re-form on G with Yq (e) = lo- Then 
q*D a fi = q* ({a, fj}^ - (n, da)n) = {q*a, q*fJ>} nA ~ (>A, dq*a)q*fi 

n 
n 

i=i 

n 

i=l 

n 

= E)/ a j (aa €j+53 (0) - (vr G , de})^) ^ + rfy 

3=1 

n 

+ E " fa,j (A' , d$) 0F O '. 



Using the properties of the Schouten bracket { , }„- A on 0(G), one has 

n n 

E^-4 = E r oW-*A©(/ a ,i)^ 

Thus 

n 

(4.18) g*D a /i = ^2f aJ (x H .+^)-(TT G , d^AY^ 



3=1 

n 



+ E^' *o W- (A', d^)0io) • 

By Lemma 14.61 

{£, yj}^ - (A', de')^' = ^ (xr(A£ + o - x (AO + xAO) *o, G f>°. 

Comparing with (|4TT7j) and P~T8]h we see that (|4.16p holds. □ 
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4.5. Poisson cohomology of (G/H,ir). Let the notation be as in §4.31 For any 

integer N, since E is a trivial line bundle over G, T(E N ) = C°°{G) as vector spaces. 
The induced (I, i?)-module structure on C°°(G) is specified as follows. 

Notation 4.11. For an integer N, denote C°°(G)n the vector space C°°(G) with 
the following ([, i7)-module structure: for £ + £ G [, h E H and / E C°°(G), 

(x + O-nI = W/) + j (xi(x + 0-x B (x) + xAZ)- 2 (*G,d£ l j)f, 

h-iff = (/ or h ), 

where XHt,°(^) = det(Ad^_i : h° — > f)°) and is the right translation by /i. 

We can now identify the Poisson cohomology of G/H with relative Lie algebra 
cohomology. Corollary 14.121 follows directly from Lemma 12.81 Theorem 14.71 and 
Theorem 14.101 

Corollary 4.12. For any integer N , 

H' (g/H,tt;K» h ) ^Hl ie (l,H;C°°(G) N ). 

where the left hand side is the generalized Poisson cohomology of (G/H,ir) and the 
right hand side is the Lie algebra cohomology of I relative to H with coefficients in 
C™{G) N . 

The special case of Corollary 14.121 when N = was proved in [15] . 

4.6. The pairing on the Poisson cohomology. Assume that G/H is compact 
and orientable with a fixed orientation, so one has the map 



(4.19) n top (G/H) — > R : u> i — > f 

Jc 



to. 

G/H 

By H3.2\ for any integer N and any < k < n = d\m.{G/ H), there is a well-defined 
pairing (, ) between H k (g/H,tt;K^ /h ) and H n - k (g/H,tt;K^\ In view of 
Corollary 14.121 we now identify this pairing with a pairing on the corresponding 
relative Lie algebra cohomology spaces. Let the notation be as in £ )4.4l Then we 
have the identifications of //-modules: 

A top (l/h)* ®T(E N )®T(E 2 - N ) A top (l/l))*®r(fi 2 ) 

A top ([/l))*®r(F) 
£S A top (l/b)* ® A top (<g)ft top (G) 

A top (l/b)* ® A top ( ® A top g* (8) G°°(G) 
* A top (l/h)* (A top f) ) 2 ® C°°(G) 

A top F) <g>C°°(G), 

where we used Lemma I4TH1 to identify A top [<g> A top g* = (A top b ) 2 and left translation 
in G to identify ft top (G) = A top g* ® C°°(G). Thus we have an identification 

(4.20) (A top (r/h)* ® r( J e 7V ) ® r^ 2 -^))^ (A top (i/[)) ® G°°(G)) H n top {G/H). 

Let : (A top ([/())*(g)r( J E 7V )0r(£; 2 - Ar )) H -> R be the composition of the identification 
in (|4.20p with the integration map in (|4.19p . One checks directly that (|2,2p holds 
and that, under the identifications in Corollary 14.121 the canonical pairing between 
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H k (G/H, tt; Kg /H ) and H n ~ k (g/H, tt; coincides with the pairing between 

H k ie (l,H;C°°(G) N ) and H; C°°(G) 2 - N ) induced by v (see & 



4.7. Modular vector fields of (G/H, it). Assume again that G/H is orientable 
and let /i be a fixed volume form on G/H. Fix a non-zero Y G A top f)°, and let 
be the corresponding left invariant form on G. Write q*/j, = (pY^, with <ft G C°°(G) 
everywhere non-zero. Let A G A 2 g be any element such that q(A) = ir(eH) G 
A 2 TeG/H = A 2 g/f), and let tt\ = A 1 + 7r G so that c/*7r A = n. Recall that xt G t*, Xg £ 
0* and Xg* £ are the adjoint characters of [, g and g* respectively. Write xo = 
Xg* ^ Si Co = Xg £ 9*) an d let X[ be any element in g* such that = Xt(A£ + £) 
for £ G fj°. Recall that for x € g and £ G g, x l (resp. x r and £') is the left (resp. 
right) invariant vector field and one form on G with values x and £ at e G G. 

Lemma 4.13. Let the notation be as above. Let X be the vector field on G given by 

X = -7f A (dlog + g + + *a(£o! 

TTien g*A is a well-defined vector field on G/H, and it is the modular vector field of 
7r with respect to /i. 

Proof. Let £i, . . . , £ n be a basis of f)° such that £i A • • • A£ n = Y . Let a G CI 1 (G/H), 
and write <?*a = ^j=i fa,j€j G ^(G). As in the proof of Theorem [4. W\ 



q*D al i = - J2 f a>j (($, n A (dlog |0|) + (tt g , <^))Y [ 
1 - 

+ «£/aj(xr(A£ -x e (A^) + x fl *feM 



2 



g*a, -v^ A (dlog |0|) - F + + (A£ )' + x l )\ 



where Fo is the vector field on G such that (Fo,£ l ) = (7T G ,d£ l ) for all £ G g*. It is 
shown in Proposition 4.7 of [7] that Fo = \(x l a — Xq — 7Tg(£o))- Thus we have 

q*D a fi = (q*a, X). 

It follows that q*X is a well-defined vector field on G/H and it is the modular vector 
field of 7r with respect to fi. □ 

Remark 4.14. Note that if n is a G-invariant volume form on G/H, the modular 
vector field of tt with respect to \i is 

<Z*A = ifxi + xS + T^o)). 
This formula for the special case when f)° is an ideal of g* has been obtained in [7J. 

5. A POISSON GROUPOID OVER (G/H, if) 

When H is a Poisson Lie subgroup of (G, ir G ) and tt = q*ir G , where q : G — > G/H 
is the projection, a symplectic groupoid of (G/H,n) was constructed in [25] (under 
the additional assumption that (G,ir G ) is complete). In this section, let (G/H,ir) 
be an arbitrary Poisson homogeneous space of (G, ir G ) with the Drinfeld Lagrangian 
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subalgebra [ = I^UH)- We assume that G is a closed subgroup of a connected Lie 
group D with Lie algebra d, H = G D L, where L is the connected subgroup of D 
with Lie algebra [, and that the infinitesimal action A of [ on G in (|4.12p integrates 
to an action of L on G. We will show that the associated space T = G x h (L/H) is 
a Poisson groupoid over (G/H,ir). We also give conditions for T to be symplectic. 
The Poisson structure on F is obtained from reduction of a quasi-Poisson manifold 
by an action of a quasi-Poisson Lie group pQ. 

5.1. The quasi-Poisson Lie group (G, vr G A , p). Let (G, ir G ) be a Poisson Lie group 
corresponding to Manin triple (t>,0,0*). Then any A G A 2 (not necessarily related 
to any Poisson homogeneous space of (G,ir G ) as in §4.2H can be used to twist the 
Manin triple (9,0,0*) to a Manin quasi-triple (9,0,0') p], where 

(5.1) 0' = {A£ + me0*}, 

and thus defines a quasi-Poisson Lie group structure on G. More precisely, let p\ : 
d — ► : x + £ 1— > x — A£, where x G and £ G 0*, be the projection from 9 = + 0' 
to along 0', and define ip G A 3 by 

(^(£ A 77 AC) = (pi[A£ + £, A77 + 77], AC + C), £,??,C € 0*- 

It is straightforward to check that, for any £, 77, £ G 0*, 

¥>(£ A r? A C) = ([A?, At/], (} + ([At?, AC], £} + ([AC, A£], r?) 

+ <A£, [r?,C]) + (AT/, [C,e]) + (AC, [e,r?]). 

In fact 99 = 2 [A, A] + 6(A). Let A' and A r be respectively the left and right invariant 
bi- vector fields on G with value A at e, and define 

(5.2) 7T G , A = A* - A r + 7T G , 

Lemma 5.1. pQ (G, vr GiA , ip) is a quasi-Poisson Lie group corresponding to the Manin 
quasi-triple (3,0,0') in the sense that 7r G A is multiplicative, 

2 [^"g,A) tt G:A ] = ^ - cp r , and [ir GA , cp l ] = 0, 

where ip r (resp. ip 1 ) is the right (resp. left) invariant tri-vector field on G with value 
ip at e. 

Recall from pQ that a (right) quasi-Poisson action of (G,ir GiA ,(p) on a manifold P 
with a bi- vector field tt p is a right action p : P x G — > P of G on P such that 

1) [tt p ,tt p ] = 2p !fi and 

2) p : (P, tt p ) x (G, 7r G A ) — > (P, TT P ) is a bi-vector map, 

where p : x 1— > j0 2 also denotes the Lie algebra homomorphism — > V 1 (P) given by 

(5.3) p x (p) = -^|i = opexp(te), x G 0, p G P 

as well as its multi- linear extension A fc — > V fc (P) : X 1— ► for any integer k > 1. 
Left quasi-Poisson actions of (G, 7T GiA , <p) are similarly defined. 

Example 5.2. Let 7Ta = A' + 7r G . It is easy to see that the action of (G, 7r GjA , ip) on 
(G, 7ta) by right multiplication is a right quasi-Poisson action. For another example, 
assume that D is a connected Lie group with Lie algebra d and that G is a closed 
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subgroup of D. For d G D, let d = dG G D/G, and for x + £ € t) with x G and 
£ G 0*, let be the vector field on D/G given by 

(5.4) a x+ dd) = j t \ t=0 exp(t(x + OHeTd(D/G), d£D. 

Let a : A fe t> — > V k (D/G) :Ih o"x also denote the multi-linear extension of a. Let 
{xj}™ =1 be a basis of g and let {£j}" =1 be its dual basis of g*. Define the bi- vector 
fields tt d / G and vr D/G A on D/G respectively by 

(5.5) tt d/g = - o-ft A ct^ and vr D/G , A = - ^ ffA&+6 A o^. = n D/G - a A . 

i i 

Then [K 7r D/ - G is Poisson and the action 

(G> G , A)¥ >) x (D/G, ) — ► (D/G, ttd/ga) ■ (g,d) i — ► s-d, g £ G, d £ D, 

is a left quasi-Poisson action of (G, tt g ,a, f)- In particular, 

(5.6) [ttd/g.Aj 7Td/g,a] = -2(7^. 
Moreover, let 5 / : g' — > A 2 g' be defined by 

(<V( A £ + 0, a; Ay) = (A£ + f, [x,y]) = (£, [x,y]), £ G 0*, x,y G 0. 
Then one can check that 

(5-7) [ca?+5 5 ^d/g,a\ = -<T6 ,(A£+0 + °Y € ¥» V £ € 0*. 



5.2. The bivector field 7r P on P = G x (D/G). Let the assumptions be as in §5.11 

In particular, assume that D is a connected Lie group with Lie algebra D and that 
G is a closed subgroup of D. Let P = G x (D/G). For any integer > 1 and for a 
fe-vector field V on G, let (V, 0) be the corresponding &;-vector field on P. Similarly a 
k- vector field U on D/G gives rise to the vector field (0, U) on P. For x G 0, recall 
that x' is the left invariant vector field on G with x (e) = x. Define the bi-vector 
field 7T P on P by 

n 

(5.8) tt p = (tta, 0) - (0, ir D/G , A ) + ^(0, a Hi+ ^) A (4 0). 

i=l 

Lemma 5.3. T/ie ny/tt action 

p: (P,tt p ) x (G,ir GtA ,tp) — >(P,7T P ): (5, d) • g x = (ggi, g{ 1 d), g,g l eG,deD, 
is a quasi-Poisson action of (G,"K GtA ,(p). 

Proof. To show that [tt p , ir P ] = 2p tp , let ip = aj~ A bt A where a^, G 0, and 
let 



k 

Pv=Yl (( a *> °) A (°> ^acJ + 0) A (0, a CfcAa J + (4,0) A (0, a afcA6fc ) 



A NOTE ON POISSON HOMOGENEOUS SPACES 19 

It is easy to see that p v = (<p l ,0) — (0,0^) — p'^ + p"^. On the other hand, let 
^0 = Er=i(° 1 cr A6+^) A ( X L )' so tliat = (^AjO) - (0,it d/ g,a) +vt , and 

[iTp, TTp] = ([7TA,7Ta],0) + (0, [lT D/GtA ,TT D/GtA \) + 2[tT , (n A , 0) - (0, TT D/G)A )} + [tTq, 7T ] 

= 2(^,0) -2(0, a v )+2[ir , (tt A , 0) - (0, tt d/g , a )] + [tto, tt ]. 
It is easy to see that [7To, vro] = 7ri + Ti2, where 

n 

Tl = - X] (°> <7 [A&+&,A&+&]) A ( x i A 4'°)' 
ra 

^2 = J] ([^,^',0) A (0,a ( A4 +fi)A Ae i+ 0))- 

Thus [vr P , 7T P ] = 2(^,0) - 2(0, + 2[vr , (vr A , 0)] + tti - 2[tt , (0, 7r D/GjA )] + vr 2 . Now 

n 

2[7r ,(vr A ,0)] = 2^(0, a MiHi ) A (([s f , A] + S( Xi )) 1 , 0). 

i=l 

Recall that p\ : d — > 3 is the projection along 0'. Let p' : D — > g' be the projection 
along g. It is easy to check that 

n n 

+ + £3] ® x i A x i = 2 ^2(Mi + 6) ® ([a;*, A] + <y(xi)) 

i,j=l i=l 
n 

Pi[M* + 6, Mj + Zj] ® xi A xj = 2£, 

where = ^ k (a k ®b k Ac k +b k ®c k Aa k +c k ®a k Ab k ). Thus 2[7r , (7r A , 0)]+7Ti = -2p^,. 
Similarly, by (f577|) , 

n n 

[7r ,vr D/G , A ] =5^(xi,0)A(0,-[(TAe 4 +{ i , 7T D/G , A ]) =5^(a4,0)A(0,<7{ s ,( Ai . +f .)-<7 t£ . ¥ ,). 

i=l i=l 

It is easy to check that X^ILi xi® i^ip = (p and that 

n n 

2^^ ® <V(A& + &) = t x i' x il ® ( A & + 6) A ( A + 0)- 

j=l M=l 

Thus — 2[7To, 7r D/GiA ] +7T2 = 2/9^. Hence [7r P ,7r P ] = 2p !fi . The proof that p is a bi-vector 
map is straightforward and we omit the details. □ 

We now study when ir P on P = G x (D/G) is nondegenerate. For d G D, the 
linear map c) — > Td(D/G) : x + £ <7a;+f(rf), where 1 e 5 and £ G 0*, induces an 
isomorphism d/Ad d Q -> Td{D/G). For y G and ?? G 0*, let a y+r ,(d) G T^(D/G) be 
such that 

(5.9) (oy+,(d), ^^(d)) = (y + 77, x + xG0,£G0*. 
Then we have the isomorphism 

(5.10) Ad d5 — >T2{D/G): y + r? 1 — ► a y+?? (d), y G 0, 77 G 0*, y + r\ G Ad d0 . 
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Note that when y + rj€ Ad^g, fJ y+r) (d) = 0, so cr y (d) = —cr v (d). The proof of the first 
identity in the following Lemma 15.41 is straightforward and is omitted. The second 
identity follows from (|4. . 

Lemma 5.4. For g G G,d G L>, £ G Q* and y + n G Ad^g with y G g and 7] G g* ; 

7i>(Z*_i£, Oj, +7 ,(^)) = (vr G (^-iO + (^)*(y + A£ - Ar?), o- Ar?+ ^_ A5 _ f (d)J 

= (Ay-ArH-A£+£(fiO, -0"2/-A77+A^+e(rf)) 

Lemma 5.5. The bi-vector field ir P on P = G x (D/G) is nondegenerate at (g,d), 
where g G G and d G D, if 

(5.11) g' n Ad d g = and g* n Ad 9d g = 0. 

In particular, ir P is nondegenerate at (g,e) for any g G G, where e G D is the identity. 

Proof. Assume that (15. lip holds at (g, d) G P. Suppose that ^ G g* and y + rj G Ad^g 
are such that tt p (1* a y+ri (d)) = 0. Then OA^+^-A^-g (d) = by Lemma [531 so 
An+rj-At-t G g'nAd d g = 0. Thus £ = n. By ([H]), naQ*^) = (r g )*p g Ad 9 £, where 
Ps '■ f ~~ ► 5 is the projection along g*. Thus Lemma [5TH implies that p g Ad 9 (y + £) = 0, 
so Ad 5 (y + £) G 0* n Ad gd g = 0. Thus y = and £ = r/ = 0. ~ □ 

Remark 5.6. Let N(g*) be the normalizer subgroup of g* in D. Suppose that 
D = N(q*)G and that A = (so n(eH) = 0). Then (l5TTll holds for all (g, d) eGxD, 
and 7T P is nondegenerate everywhere on P. See Example 15. 141 for an example. 

5.3. The Poisson structure IT on Gxh(L/H). Let the notation be as in £ 15. H and 
£15.21 but assume now that (G/H,ir) is a Poisson homogeneous space of (G, ir) and 
that A G A 2 g is such that q(A) = n(eH) G A 2 T eH (G/H) ^ A 2 (g/h), where q denotes 
both projections G — > G/H and g — > g/h. Let (G, vr GjA , tp) be the quasi-Poisson Lie 
group defined using A as in £ 15.11 

Lemma 5.7. Let P be any manifold with a bi-vector field tt p . Suppose that p : 
(P,ir P ) x (G, vr G>A , ip) — > (P,ir P ) is a right quasi-Poisson action of [G, 7t GiA , if) and 
that p restricts to a free and proper action of H . Let j : P — > P/H be the projection. 
Then j*vr P is a well-defined Poisson structure on P/H . 

Proof. By 1) in Lemma [4. 3\ q , *vr G , A (/i) = for all h G H. It follows from the fact that 
p is a bi-vector map that j*7r P is well-defined. Since ip G () A g A g by 2) of Lemma 
14.31 b'*^) 3*Kp] = J*!^) ^p] = 2j*P<p = 0, so ^7T P is Poisson. □ 

We now state a lemma from linear algebra. 

Lemma 5.8. Let (V, ir) be a Poisson vector space. Suppose that U and W are 
subspaces of V such that n(U°) C W C U, where U° = {£ G V* \ £\u = 0}. Let 
4> '■ V — > V/W be the projection. Then U /W is a Poisson subspace of (V/W, 4>(tt)). 

The following Lemma 15.91 follows immediately from Lemma 15.81 

Lemma 5.9. Let the notation be as in Lemma \5. 1\ Suppose that Q is an H -invariant 
submanifold of P such that tt p (T^Q) C T q (qH) for every q G Q, where T®Q = 
{a G T*P\a\x q Q = 0} and qH is the H-orbit through q. Then Q/H is a Poisson 
submanifold of (P/H, j*7r P ). 
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We now apply Lemma 15.71 to P = G x (D/G) as in §5.21 ir P as in (15. 8p . and the 
action p as in Lemma 15.31 Denote by G x# (D/G) the quotient of P by -ff with 
the projection j : P — > G x # (D/G). By Lemma [57?] j*7r P is a well-defined Poisson 
structure on G x# (D/G). Set [<?,d] = j(g,d) for g € G and d £ D. 

Notation 5.10. The Poisson structure j*7r F on G x# (D/G) will be denoted by II. 

Recall that [ = ^(eij) is the Drinfeld Lie subalgebra of t> associated to ir(eH). Let 
L be the connected Lie subgroup of D with Lie algebra I and assume that H = GnL. 
Let O be the L-orbit in D/G through e € D/G, where e is the identity element of 
D. Identify L/H with O and regard G x# (L/H) as a submanifold of G x# (D/G). 

Lemma 5.11. G x# (L/H) is a Poisson submanifold of (G x# (D/G), LI), and II 
is nondegenerate at [g, d] for all g £ G and d £ L snc/i £/ia£ (15. lip holds. 

Proof. Let Q = G x O C P. Then G; is iJ-invariant. To see that is a Poisson 

submanifold of (P/H,Ii), it suffices, by Lemma [5T9l to show that ir P (T q Q) C T q (qH) 
for every g = (g,d) £ Q, where g & G and d £ L. Using the isomorphism in (|5.10p . 
T°Q = {(0, a y+r ,(d)) | y + n G I n Ad d g}, and by LemmaEH 

Kp(TqQ) = {((l g )*(y - Arj), axn-y(d)) I y + V G t n Ad d0 }. 

By (gZD, !/ + !)£[ implies that n - An G fj. Thus n P (T®Q) C T q (qH). 

By Lemma 15.51 7r P is nondegenerate at (g,d) for all g G G and d G D such that 
(|5.1ip holds. At such a point (a,d) where d £ L, In Ad^g = Ad^(l n g) = Ad^f), and 
the map [ n Ad^g -^-l): y + r/t-^y — An is an isomorphism, so ir P (T q Q) = T q (qH). 
It follows from a linear algebra argument that LT is nondegenerate at [g,d\. □ 

5.4. The Poisson groupoid (G x# (L/H), TV). Let the notation be as in £ 15.31 
Recall that A : d — > V 1 (G) is the infinitesimal action of 5 on G given in (|4.12p . 
Assume in addition that the restriction of A to ( integrates to a right action of L on 
G, denoted by (<?, I) i— > </ for g £ G and / G L, such that a' 1 = g/i for g £ G and 
h £ H. Then G is a (U,L)-space (see Definition 12. 2p . 

Let r = Gxfl (L/H). It is straightforward to show (we omit the proof) that the 
following is a groupoid structure on V over G/H: for g,g\,gi £ G and l,h,h £ L, 

1) source map s : L — > G/id" : [a, Zid] i— > gid; 

2) target map t : T -» G/id : [g, IH] ■-> ^id; 

3) multiplication -p: [gi, /iff] - r [g2, faH] = [g\, lihfaH] when g 1 ^ H = g2H, where 

/' (//, M '//2: 

4) inverse r : T -> T : [g,lH]^ [g l , l^H]; 

5) identity section e : G/H — > T : g.£f h-> [o, eid]. 

Theorem 5.12. Wii/t i/ie groupoid structure described above, (G x# (L/H), TV) is a 
Poisson groupoid over (G/H, ir). 

The proof of Theorem 15.121 will be given in §5.51 

Remark 5.13. Assume that ir(eH) = 0, so that we can take A = 0. Recall that G* 
is the connected subgroup of D with Lie algebra g*. Assume further that the map 
G* x G — > D : (u,g) i— ► ug is a diffeomorphism. Identify G with G*\D. Then the 
restriction to L of the right action of D on G = G*\D integrates the infinitesimal 
action A of I on G. By Remark 15.61 and Lemma l5.1H LI is nondegenerate everywhere 
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onGxfl (L/H). Thus (G xh (L/H), IV) is a symplectic groupoid over (G/H,tt). 
Note that in this case, the bi- vector field ir P on P = D is Poisson by Lemma 15.31 
and everywhere nondegenerate by Lemma 15.51 Moreover, by Lemma 14. 5| f)° is a 
subalgebra of q*. Let H° be the connected subgroup of G* with Lie algebra f)°. Then 
L = HH° is a coisotropic submanifold (D,ir P ) and L/H = H°. Our construction of 
the symplectic structure II on G xh (L/H) = G XjjH is a special case of coisotropic 
reduction for symplectic manifolds. In the special case when H is a Poisson subgroup 
of (G, 7r G ) and when ir = g*7r G , this construction was carried out in [26] 

Example 5.14. Let G be a connected and simply connected Lie group and let X 
be the variety of Borel subgroups of G. Let Go be a real form of G and K a compact 
real form of G such that Kq := GDK is a maximal compact subgroup of Go- Choose 
an Iwasawa decomposition G = KAN of G such that the Borel subgroup B of G 
containing ^LV lies in the unique closed Go-orbit in X. This choice of B gives rise to a 
Poisson Lie group (K, ir K ) with ^4iV as a dual Poisson Lie group. Although Kq is not 
a Poisson Lie subgroup of (K, n K ), it is shown in [10] that the projection ir of ir K is a 
well-defined Poisson structure on K/Kq, making (K/Kq,tt) a Poisson homogeneous 
space of (K, n K ), and the Drinfeld Lagrangian subalgebra associated to ir(eKo) is 0o, 
the Lie algebra of Go- Let T = K n B, a maximal torus of K. The set of T-orbits of 
symplectic leaves of ir in K/Kq is shown in [10] to be in one to one correspondence 
with the set of Go-orbits in X. Due to the importance in representation theory of 
Go-orbits in X, the Poisson geometrical properties of (K/Kq,it) are worth further 
study. Since ir(eKo) = and since G = KAN = ANK, the conditions in Remark 15 .61 
are satisfied. By Remark 15.131 and Theorem 15.121 K x^ (Gq/Kq) has the structure 
of a symplectic groupoid over K/Kq. More details of this example, in particular, the 
generalized Poisson cohomology of (K/Kq,tt), will be studied in a future paper. 

5.5. Proof of Theorem 15.121 Let the assumptions be as in §5.41 We need two 
lemmas. Recall that G* is the connected subgroup of D with Lie algebra g*. 

Lemma 5.15. For any g G G and I G L, g l l~ 1 g~ 1 G G*. 

Proof. Fix g G G and / G L. To avoid confusion with the notation set up in §1.11 for 
left and right translations on G, if v G T g G, we let g~ l v G g and v g -1 G g be the left 
and right translation of v by g -1 . 

Let Z(i) be a smooth curve in L such that Z(0) = e and /(l) = /, and let 
u(t) = g l( $l(t)~ l g- 1 G D. Let G T u{t) D and /'(t) G 7] (t) L be respectively 

the derivatives of u(t) and l(t) at t. Let x(t) = l(t) l'(t) G I. Then, for every t, 

u'(t) = \ x{t) (g m )i(t)- 1 9- 1 - g^xmty'g- 1 

so by (]4.13|) . n'(t)n(t) _1 = -Ad^xfT) +p g Ad gi ( t) x(t) = -p fl .Ad flJ (t)x(t) G 0*, where 
p s and p g * are projections from 5 to g and g* with respect to the decomposition 
3 = 5 + 0*- It follows from n(0) = e that u(t) G G* for all t. In particular, 
g l l~ x g~ l = u(l) G G*. □ 

The following Lemma [5. 161 is equivalent to 1) in Lemma [431 an d we omit its proof. 
Lemma 5.16. One has Ad h A£ + p g Ad h ( - AAd^-i^ G t) for all £ G f)° and h £ H. 
We can now start the proof of Theorem 15.121 
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Let Qr = {(71,72,73) G T x T x T | t(ji) = 5(72), 73 = 71 t 72}- By the definition 
of Poisson groupoids [24], we need to show that Qr is coisotropic in V x V x V 
with the Poisson structure II © II © (—II). Let (P,tt p ) be as in §5.21 and recall that 
j : P — > P/H is the projection. Since (r,II) is a Poisson submanifold of (P/H, II), 
and since j : (P, ir P ) — * (P/H, II) is a bi-vector map, it is enough [22l Corollary 2.2.5] 
to show that Qp := (j x j x j) (Qr) is coisotropic in (P x P x P, -k p ©7t p © (— vr P )). 
Recall that O is the L-orbit in D/G through ee D/G and that Q = G x O C P. 
IdentifyL/tf with O by identifying IH G L/H with l = lGe D/G for Z G L. Then 

<?p ={((5i, kff), (52, (01/13, K\hl 2 H)) 1 

51,52,52 G G, Zi,Z 2 &L,h 3 e H, g\ 1 H = g 2 H, h = (g[ i y 1 g 2 } cQxQxQ. 

We will first describe the tangent bundle of Qp and then the co- normal bundle of Qp 
in P x P x P. 

Let S 2 = {((<?i, Zi#), (02, kff)) I 91, 92 G G, Z x , Z 2 € L, = g 2 H} C Q x Q. 

We now compute T^ qi ^Q 2 for (qi,q 2 ) = ((51, Zi-ff), (52, £2 -£/")) G Define i,s : 
Q -» G/# by 4(0, ^iJ) = ^JET and %, Z#) = gH for g £ G and Z € L. Then 

T (gi,92)^2 = {(«i,«2) l^i G T 9l Q, v 2 G Tg 2 <5, i*(ui) = s*(v 2 )}. 

Recall that cr : d -> V 1 (D/G) is given in (pT4) . Let k : -> V 1 (G/H) : x -> ^ be 
the Lie algebra anti-homomorphism given by 

(5.12) n x (gH) = ^-\ t = exp(tx)gH, 2 G 0, g G G. 
For x, 2 G 0, C G 0* with z + ( G [, and g = (5, ZF ) G Q, let 

(Recall from §1.11 that the "Z" in l g denotes the left translation by g. This is not to 
be confused with an element in L.) Recall that p g : d — > is the projection along 
0*. Using the fact that G is a (t), L)-space via the infinitesimal action A of and the 
action of L, one sees that 

Uv xl , Zl +Ci(Qi) = K Ps Ad u _Ax 1 +z 1 +Ci)(9iH), for xi G 0, Z\ + Ci G t. 
Since s^u^, z 2 +C2fe) = K Adg2X2 (g 2 H) for x 2 G 0, z 2 + C2 G t, we get 

(5.13) T(g 1)?2 )t/2 = {(Vzi,*i+Cx(gi), «x 2 ,«2+C2(92)) H.^GS, Zi + Cl, *2 + C2 G t, 

x 2 = x 2 + Ad -ip Ad i!,-i(xi + zi + Ci) for some x 2 G f)}. 

Define 

/ : Q 2 — » Q : ((51, (52, iaJff)) >— (51, h{g 1 i r l 92hH). 

Fix ^ G G, Zj G L, for i = 1,2, such that (91,92) = ((ffi, h-H"), (52, ^2-ff)) G £ 2 - 
Let XjG and ^ + Ci G I be such that (v xi>zi+c:i (qx), ^2,22^2(^2)) G T( quq2 )Q as 
in (|5.13p . Let gi(t),li(t), and Z2 (t) be smooth curves in G and L respectively such 
that 51(0) = 01, s4(0) = (Z 91 )*xi, and Zj(0) = Zj, Z^(0) = (nj*(^ + Ci) for i = 1,2, 
where the superscript / denotes derivative at 0. Let g 2 (t) = gi(t) ll ^hexptx 2 , where 
h = (9i 1 )~ 1 92 G H. It is easy to see that g' 2 (0) = (l 92 )*x 2 . Let 

c(t) = (( 9l (t), h(t)H), (g 2 (t), l 2 {t)H)) G Q x Q. 
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Then c(t) G Q 2 for all t, c(0) = (gi,? 2 ), and c'(0) = (v xi! z 1+ ^(qi), V^.^a+Cafe))- 
Since f(c(t)) = (gi(t), li(t)hex.ptx 2 l 2 (t)H), we have 

f*{vx 1 ,z 1 +c 1 (qi), v X2tZ2+C2 (q 2 )) = ^\ t= of(c(t)) =v Xl>Z3+C3 (gx, hhl 2 H)), 
where Z3 S g and £3 G 3* are such that 

(5.14) z 3 + C3 = z\ + Ci + Ad; lfe (x 2 + Ad/ 2 x 3 + z 2 + C2) for some x 3 G f). 
Thus for (<?i,<?2,<?3) = ((gi,hH), (g 2 ,l 2 H), (gih 3 , h^hhhH)) G £p, where /i 3 G F, 

T {qim,Qs)^P = |(^i,*i+CiO?l)> ^2^2+C2fe), "as+Ad^ai.-as+Ad^^+fs)^ 3 )) ' 
xi,x 2 G 0, x 3 G f), 2, G 0, Ci G 0*, Zi + &el,i= 1,2,3, 
x 2 = x 2 + Ad -ip g Ad + zi + £1) for some x 2 G f), 

y2 ff i 1 

^3 + C3 = ^1 + Ci + Ad/ lfc (x 2 + Ad; 2 x 3 + z 2 + C2) for some x 3 G f)} . 

Let T (qimm) gp be the c °- normal subspace of T {qiM) g P in T* qimm) {P x P x P). 
Recall that for deD/G, a y+v (d) G T^(D/G) is given in (foT9|) . For y G 0, £, 77 G 0*, 
and (7 = (g,lH) G Q, let ^^+^((7) = a y+r){lH)) e r*P. Then for x,z G 

and £ G 0* with z + ( £ [, 

(5.15) (a^ y+v (q), v X)Z+c (q)) = (x,£) + (y + 77, z + C) = (x,£) + (y,C) + (z,v), 
and the map 0* x Ad/0 — > T*P : (£, y + 77) 1— > a^ jy+r) (g) is an isomorphism. Let 
£ 3 = h 3 ZiW 2 e L, where /i = (y^ 1 ) - ^- It follows from (15351) that T ? qimq2 \Qp 
consists of all triples 

(5.16) (a iuyi+m ( qi ), oc^ y2+m {q 2 ), a^ t y 3+m (q 3 )) G (P x P x P), 
where £j, 77^ G 0*, y« G and ^ + i); £ Ad/ a for i = 1,2, 3, such that 

= (£1, xi) + (6, Ad _ip g Ad i! jxi) + (£3, Ad^ixi) 
+ (yi + 771, z! + Ci) + (6, Ad fl -ip fl Ad fl . llrl («i + Ci)) + (2/3 + Ad h -i(zi + Ci)) 
+ (6, x 2 ) + (y 3 + 773, Ad h -i hh x 2 ) 
+ (V2 + 772, z 2 + C2} + (y3 + V3, Ad h -i /ift (z 2 + C 2 )} 

+ (6,^3) - (2/3 + 7/3, £3} 

for all x\ G 0, x 2 , x 3 G f), 3i + Ci £ ^ anci ^2 + C2 G I, which is equivalent to 



(5.17) £1 + Ad^^AdJ-ifc + Adhs& e 5; 

(5.18) yi + T/i + Ad Ii(fl . X) _ 1 Ad*_ x & + Ad h3 (y 3 + 773) G I; 

(5.19) £ 2 + Ad h _ 1/r i h3 (y 3 + 773) G + [; 

(5.20) y 2 + 7? 2 + Ad^-i^ (y 3 + 773) G (; 

(5.21) £ 3 _ 7? 3 G [ ) ) 



where recall that Jj° = G 0*|(£,f)) = 0}. Since + I = + f)° by (fTT|> . (1539]) 
and ([ET20]) imply that r) 2 - & G fj°. Similarly, ([53TD . ([535]) . and ((5131) imply that 
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771 -£i G J)°. Thus 

(5.22) A( Vi - &) + Tfc - £ e I for i = 1,2, 3. 

It remains to show that for any triple in (|5. 16|) satisfying (|5.17p - (|5.2ip . 

(5.23) (jr P (a£ uyi+vl (qi)), Tt P (a^ y2+m (q 2 )), -TT P (a^ 3>y3+V3 (q3))) G T^ qimm ^g P . 
Let (73 = g\h^. By Lemma 15.41 and (|5.22|) . 

Tt P (a^ t y. +r) .(q i )) = v x . tZi+Ci (qi) G T qi Q 

for z = l,2, 3, and 

(5.24) xi = yi + A£i - Arji + Ad g -ip fl Ad s .£;, + Ci = A(r/i - &) + rn - 
Thus by our description of T^ qi q2 q ^Qp, to show (|5.23p . it suffices to show 

(5.25) x 2 := x 2 - Ad -ip fl Ad h j (xi + z x + Ci) G f), 

(5.26) a?i + Ad h3 a; 3 € f) 

(5.27) Ad h3 (x 3 + z 3 + Ca) + x x + zj + Ci + Ad hh {x 2 + z 2 + Q 2 ) e Ad hhh t). 
By ^M, 

(5.28) ccj + Zi + Ci = Vi + Vi~ Ad - lAd *-i6, * = 1, 2, 3. 

We first prove (|5.25|) . Since Ad r i(yi +7/1) G fl and gj 1 ^ 1 ^ 1 G G* by Lemma I5TT51 

x 2 = y 2 - Arj 2 + A£ 2 + Ad g -ip fl Ad S2 £ 2 - Ad h _ H -i (y x + rji). 

Note from (f5TT8|) that 

Adft-iij- 1 ^! + m) + & - Ad g -ip fl Ad S2 6 + Ad h _ H -i h3 (y 3 + r? 3 ) G [, 

so by (|5.20p . Ad 9 -ip Ad 92 £ 2 - Ad^^-i (yi + r/i) - £ 2 + y 2 + 772 G [. It follows from 
P~7) that x 2 G fj, so (pT25|) holds. To prove (f5T26|) . note that (pUTj) implies that 
p fl .Ad Ji0/ , 1) _ 1 AdJ_ 1 6 = -6 - Ad*_^ 3 , so by d5AHD and g2D, 

2/i +p B Ad^ i( ^ 1) _ 1 Ad*_ 1 6 + Ad ft3 y 3 +p s Ad h3 r] 3 + A(& - 7/1) + AAd*_! (£3 - 773) G f). 

Thus by (|5.17j) . ()5.26p is equivalent to 

Ad h3 A(£ 3 - m) +P s Ad h3 {& - % ) - AAd*i (& - 7? 3 ) G f) 

which holds because of Lemma 15.161 This proves ()5.26p . It remains to prove (|5.27p . 
Using Lemma 15.151 and (j5.28fl , one sees that the left hand side of (15.2TH is equal to 

Ad h3 (y 3 + 173) + Ad hh (y 2 + m ) - Ad g -ip B * Ad gi (£ x + Ad^s) - Ad^^AdJ-ifc. 

By (jSHZit, Ad g -ip fl *Ad Sl (Ci + Ad /l3 £ 3 ) + Ad^^AdJ i& = 0. Moreover, since 
y 2 + 772 G Ad i2 g and y 3 + % e Ad ft i ZlW2 0, 

y 2 + m + Ad h _^-i h3 (y 3 + r? 3 ) G Ad; 2 g n I = Ad h t) 

by (pT20j) . Thus the left hand side of (fOD) is in Ad ilWa f), so (f5T2D) holds. 
This finishes the proof of Theorem 15.121 
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